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Abstract
Stimulated by the phenomenological success of the universal seesaw mass
matrix model, where the mass terms for quarks and leptons fi (i = 1, 2, 3)
and hypothetical super-heavy fermions Fi are given by fLmLFR+FLmRfR+
FLMFFR + h.c. and the form of MF is democratic on the bases on which
mL and mR are diagonal, the following model is discussed: The mass terms
MF are invariant under the permutation symmetry S3, and the mass terms
mL and mR are generated by breaking the S3 symmetry spontaneously. The
model leads to an interesting relation for the charged lepton masses.
PACS numbers: 12.15.Ff, 14.80.Cp
∗ E-mail: koide@u-shizuoka-ken.ac.jp
1
The universal seesaw mass matrix model[1] is one of the most promising candidates
of unified quark and lepton mass matrix models. The model has hypothetical fermions
Fi (F = U,D,N,E; i = 1, 2, 3) in addition to the conventional quarks and leptons fi
(f = u, d, ν, e; i = 1, 2, 3), and these fermions are assigned to fL = (2, 1), fR = (1, 2),
FL = (1, 1) and FR = (1, 1) of SU(2)L× SU(2)R. The 6 × 6 mass matrix which is
sandwiched between the fields (fL, FL) and (fR, FR) is given by
M6×6 =

 0 mL
mR MF

 , (1)
where mL and mR are universal for all fermion sectors (f = u, d, ν, e) and only MF have
structures dependent on the flavors F . For ΛL < ΛR ≪ ΛS, where ΛL = O(mL),ΛR =
O(mR) and ΛS = O(MF ), the 3 × 3 mass matrix Mf for the fermions f is given by the
well-known seesaw expression
Mf ≃ −mLM−1F mR . (2)
Thus, the model answers the question why the masses of quarks (except for top quark)
and charged leptons are so small compared with the electroweak scale ΛL (∼ 102 GeV).
On the other hand, in order to understand the observed fact mt ∼ ΛL, we put the ansatz
[2, 3] detMF = 0 for the up-quark sector (F = U). Then, one of the fermion masses
m(Ui) is zero [say, m(U3) = 0], so that the seesaw mechanism does not work for the third
family, i.e., the fermions (u3L, U3R) and (u3R, U3L) acquire masses of O(mL) and O(mR),
respectively. We identify (u3L, U3R) as the top quark (tL, tR). Thus, we can understand
the question why only the top quark has a mass of the order of ΛL.
For the numerical results, excellent agreements with the observed values of the quark
masses and Cabibbo-Kobayashi-Maskawa [4] (CKM) matrix are obtained by putting the
following assumptions [2]:
(i) The mass matrices mL and mR have the same structure
mR = κmL ≡ m0κZ . (3)
(ii) The mass matrix MF is given by the form
MF = m0λ(1+ 3bfX), (4)
1 =


1 0 0
0 1 0
0 0 1

 , X = 13


1 1 1
1 1 1
1 1 1

 , (5)
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on the basis on which the matrix Z is diagonal, i.e.,
Z = diag(z1, z2, z3), (6)
where z21 + z
2
2 + z
2
3 = 1.
(iii) The parameter bf for the charged lepton sector is given by be = 0, so that in the limit
of κ/λ≪ 1, the parameters zi are given by
z1√
me
=
z2√
mµ
=
z3√
mτ
=
1√
me +mµ +mτ
(7)
(iv) Then, the up- and down-quark masses are successfully given by the choice of bu =
−1/3 and bd = −eiβd (βd = 18◦), respectively. The CKM matrix is also successfully
obtained.
In this phenomenological success, the assumption that the mass matrix MF is the
democratic type is essential. The form of MF , (4), is invariant under the permutation
symmetry[5] S3 for (F1, F2, F3), while the form of mL (mR) is not invariant under the
permutation symmetry S3 for (F1, F2, F3) and (f1, f2, f3). In this paper, we consider that
the mass terms mL (mR) are generated by breaking the S3 symmetry not explicitly, but
spontaneously at µ = ΛL (µ = ΛR). For this purpose, we introduce three SU(2)L-doublet
Higgs scalars (φ1L, φ2L, φ3L), which obey to the permutation symmetry S3 as well as
(F1, F2, F3) and (f1, f2, f3). (We also assume three SU(2)R-doublet Higgs scalars.) The
purpose of the present paper is to discuss the possible structure of mL (mR) under this
S3 symmetry.
The Yukawa interactions which generate the mass matrix mL are given by
yL
∑
i
[(νiL eiL)



 φ+iL
φ0iL

EiR +

 φ0iL
−φ−iL

NiR

+ (quark sectors) , (8)
Hereafter, for convenience, we drop the index L. The most simple form of the S3 invariant
potential of the Higgs scalars (φ1, φ2, φ3) is
V1 = µ
2
∑
i
(φiφi) +
1
2
λ1[
∑
i
(φiφi)]
2, (9)
where (φiφi) = φ
−
i φ
+
i + φ
0
iφ
0
i . Note that the term
V2 = η1(φσφσ)(φpiφpi + φηφη), (10)
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is also S3-invariant, where
φpi =
1√
2
(φ1 − φ2), (11)
φη =
1√
6
(φ1 + φ2 − 2φ3), (12)
φσ =
1√
3
(φ1 + φ2 + φ3), (13)
and ∑
i
(φiφi) = (φpiφpi) + (φηφη) + (φσφσ). (14)
We assume that the potential of the Higgs scalars (φ1, φ2, φ3) is given by
V = V1 + V2. (15)
Then, the conditions for the vacuum expectation values vi ≡ 〈φ0i 〉 at which the potential
(15) takes the minimum are
µ2 + λ1
∑
i
|vi|2 + η1(|vpi|2 + |vη|2) = 0, (16)
µ2 + λ1
∑
i
|vi|2 + η1|vσ|2 = 0, (17)
so that
|vσ|2 = |vpi|2 + |vη|2 = −µ
2
2λ1 + η1
, (18)
From the relations (13), (14) and (18), we obtain
|v1|2 + |v2|2 + |v3|3 = 2|vσ|2 = 2
3
|v1 + v2 + v3|2, (19)
which means the relation[6]
me +mµ +mτ =
2
3
(
√
me +
√
mµ +
√
mτ )
2, (20)
from the relation (7). The relation (20) is excellently satisfied by the observed values of
the charged lepton masses, i.e., the observed values of me and mµ give the predicted value
mτ = 1776.97 MeV in agreement with the observed value [7] m
exp
τ = 1777.05
+0.29
−0.26 MeV.
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[We should not take this excellent agreement too rigidly, because the electromagnetic
corrections to the observed values spoil the agreement of mτ (µ), for example, to 1.2%
at the energy scale µ = mZ = 91.2 GeV. However, note that the relation (7) is an
approximate one. When we define mL = m0ZL and mR = m0κZR, the values of ZL(µ)
and ZR(µ) are dependent of on the energy scale µ, so that the relation ZL(µ) = ZR(µ) is
an approximate relation even if it is exact at a unification energy scale µ = ΛX . In order
to examine the validity of the relation (20), we must know the energy scale structures in
the seesaw model (e.g., the energy scales of mR, MF , and so on). At present, we consider
that the relation (19) is sill worth noting.]
Explicitly, from the relations (11) - (13), the charged lepton masses mei are given by
√
mτ =
√
me1 ∝ v1 =
(
1√
2
cos θ +
1√
6
sin θ +
1√
3
)
vσ , (21)
√
mµ =
√
me2 ∝ v2 =
(
− 1√
2
cos θ +
1√
6
sin θ +
1√
3
)
vσ , (22)
√
me =
√
me3 ∝ v3 =

−
√
2
3
sin θ +
1√
3

 vσ , (23)
where
vpi = vσ cos θ , vη = vσ sin θ , (24)
Since the model is φpi ↔ φη symmetric, it is likely that the vacuum expectation values
satisfy the relation vpi ≃ vη, i.e., sin θ ≃ cos θ ≃ 1/
√
2. In the limit of sin θ = cos θ = 1/
√
2,
the electron mass becomes exactly zero. In order to give vpi 6= vη, we must add a small
additional term to the Higgs potential (15). However, for a time, we will not touch the
origin of me 6= 0.
The potential (15) is not general form which is invariant under the S3 symmetry.
The general S3-invariant potential is given as a function of φσαφσβ and φpiαφpiβ + φηαφηβ
(and also φσαφσβ and φpiαφpiβ + φηαφηβ, where α and β are SU(2) indices. For example,
the potential
V = µ2
[
(φσφσ) + k(φpiφpi + φηφη)
]
+
1
2
λ
[
a(φσφσ)
2 + b(φσφσ)(φpiφpi + φηφη) + c(φσφσ)(φpiφpi + φηφη)
2
]
, (25)
is S3-invariant, while the potential (25) with k 6= 1 and a 6= c cannot give the relation
(19). In order to give the relation (19), the following condition is required: The potential
is invariant under the exchange
φσαφσβ ↔ φpiαφpiβ + φηαφηβ ,
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φσαφσβ ↔ φpiαφpiβ + φηαφηβ , (26)
φσαφσβ ↔ φpiαφpiβ + φηαφηβ .
The most general form which is invariant under the exchange (26) is given by V =
V1 + V2 + V3, where V3 is given by
V3 =
1
2
λ2
∑
i
∑
j
(φiφj)(φjφi) +
1
2
λ3
∑
i
∑
j
(φiφj)(φiφj)
+η2
[
(φσφpi)(φpiφσ) + (φσφη)(φηφσ)
]
+η3
[
(φσφpi)(φσφpi) + (φσφη)(φσφη) + h.c.
]
. (27)
Then, the potential V leads to the relation
|vσ|2 = |vpi|2 + |vη|2 = −µ
2
2(λ1 + λ2 + λ3) + η1 + η2 + 2η3
, (28)
instead of (18), so that we can again obtain the relation (20).
In Table I, we give the masses of the physical Higgs bosons H0S, H
0
A, H
0
B, χ
0
A, χ
0
B,
χ±A, and χ
±
B, which are defined by
φi ≡

 φ+i
φ0i

 = 1√
2

 i
√
2χ+i
H0i − iχ0i

 , (29)


φS
φA
φB

 = 1v0


v1 v2 v3
v1 −
√
2
3
v0 v2 −
√
2
3
v0 v3 −
√
2
3
v0√
2
3
(v3 − v2)
√
2
3
(v1 − v2)
√
2
3
(v2 − v3)




φ1
φ2
φ3


=
1
v0


vpi vη vσ
vpi vη −vσ√
2vη −
√
2vpi 0




φpi
φη
φσ

 , (30)
v20 = v
2
1 + v
2
2 + v
2
3 = v
2
pi + v
2
η + v
2
σ = 2v
2
σ . (31)
[The evaluations are analogous to those in Ref.[8], where the U(3)-family nonet Higgs
scalars φji (i, j = 1, 2, 3) were assumed. We can read φ
j
i in Ref.[8] as φ
i
i → φi (i = 1, 2, 3)
and φji → 0 (i 6= j).] The Higgs components χ±S and χ0S are eaten by the weak bosons
W± and Z, respectively. The Higgs boson HS corresponds to that in the standard one
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Higgs boson model. Note that the Higgs scalar HB is massless. Also, HA is massless if
the η-terms are absent, and χ±A, χ
±
B, χ
0
A, and χ
0
B are massless if the terms V3 are absent.
In the present model, the flavor-changing neutral currents (FCNC) effects do not
appear in the charged lepton sector, because the mass matrix of the charged leptons is
diagonal. However, in the neutrino and quark sectors, the FCNC effects appear through
the exchanges of the neutral Higgs bosons H0A, H
0
B, χ
0
A, and χ
0
B. Although the FCNC in
the neutrino sectors have a possibility [9] that they can offer an alternative mechanism to
the neutrino oscillation hypothesis, they, in general, bring unwelcome effects, especially,
in the quark sectors. In order to avoid this problem, for example, we must distinguish the
Higgs scalars φui which couple to the up-fermion sectors, from the scalars φ
d
i which couple
to the down-fermion sectors. At present, this is an open question.
In conclusion, stimulated by the phenomenological success of the universal seesaw
mass matrix model [?], we have proposed a Higgs potential which is invariant under the
permutation symmetry S3 for (f1, f2, f3), (F1, F2, F3) and (φ1, φ2, φ3), and which leads to
the relation (20) for the charged lepton masses. It is worth while to notice the model
because of the agreement of the relation (20) with experiments, although it has a trouble
in FCNC.
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Table I. Physical Higgs boson masses, where v20 = v
2
1 + v
2
2 + v
2
3 = (174 GeV)
2.
φ χ± χ0 H0
m2(φS) eaten by W
± eaten by Z [2(λ1 + λ2 + λ3) + η1 + η2 + 2η3]v
2
0
m2(φA) −(λ2 + λ3 + η2 + 2η3)v20 −2(λ3 + 2η3)v20 −(η1 + η2 + 2η3)v20
m2(φB) −(λ2 + λ3 + 12η2 + η3)v20 −2(λ3 + η3)v20 0
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